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1. INTRODUCTION

An ongoing cffort is being conducied at the US Army Armament Rescarch and Develop-
ment Command, Ballistic Rescarch Laboratory (USA ARRADCOM/BRL) 10 improve the
methodologies that are used to calculaie the vulnerability of military vehicles 10 ballistic threats
The Internal Point Burst model' whose distinguishing fcature is its ability to separate the debili-
1ating cflccts of spall from those of the main penctrator constitutes the most advanced metho-
dology being developed at the BRL and clsewhere. Tn such a methodology, the vulnerability of
a 1arget vehicle is calculated as the expecied value of wvehicle incapacitation due 10 the direct
impacis of primary penetrators and any associated meial debris fragments.

In a simplificd version of a more deuailed stochastic representation of the point-burst vul-
nerability process®3, the probability equations defining the expected value of incapacitation per
projectile (either primary penetrator or secondary metal-debris fragment) for a vehicle com-
ponent exposed to a ballistic threat are formulated as definite integrals whose basic form is
given by

A=
ffffffS(fo,Wo,ho)f(ﬁ,W].b] 'l’o,Wo,ho,g)Q(l'l,Wl,bl)dfl de db| dfodWodbo. (IA)

o 00 00 o0 oo OO

fffS(ro,Wo,ho)drodWOdbo =], (IB)
Tn this expression, the boldface letizrs (rg,we,bg) and (r),w;,b;) are the values associated with
the random variables (Rg, W, Bg) and (R, W;,B,), respectively, where R quantifies the location
and W quantifies the direction of motion of a projectile. Correspondingly, the set of variables B
is used 1o quamify {characierize) some, bur not all, of the remaining significant features of a
projzctile. The subscript 0 is used 10 identify the variables associated with a penetrator at its
origin and the subscript 1 is used 10 identify the variables associated with a penetrator at impact
with a critical component (Figure 1) in the vehicle. The quantities dr, dw, and db are the
infinitesimal hypervolumes associaied with r, w, and b, respectively.

The quantity $(rp,webg) is a continuous function used 1o give the probability density that
the random variables associated with some projectile at its source will have the values
(rp,wo,bp). The funciion f (r;,w;,b; | 1o, wg,bo,8) is the unnormalized conditional probability den-
sity that a projectile created as (rg,wo,bg) will perforate a barrier characterized by the set of ran-
dom variables G having a set of values g and impact the critical component as (r;,w;,b). This
latter funciion differs from the conventional definition of a probability density function (PDF)
in that it does not normalize 10 unity, but has a normalization which for each set of values
(rg,wg.bg,g) lics on the range from 0 1o 1, that is

0<g ffff(fhwhbl I o, wo,bp,8)dr dw  dby < 1. (10
This quantity, herein identified as the perforation PDF, is continuous and finite in by for those

)R, Rapp, and F.T. Brown, "An Assassment of Existing Point-Burst Models of Armored Vehicle Vulnerability,” Ballis-
tic Research Laboratory Memorandum Repont No. 02963, Ocober 1979, (UNCLASSIFIED). (AD #B043965L)

wn Beverly, "A Detailed Stochastic Ballistic Vulnerability Model for Armored Military Vehides,” Joumnal of Ballis-
tics, Vol. I, No. 3, 1979,

wn Beverly, "A Stochastic Representation of the Vulnerability of a Critical Componemnt in a Military Vehicle 1o Metal
Fragmemts,” Submitted 10 the Journal of Ballistics for Publication,
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cases where a birth projectile must perforate a barrier before impacting a critical component in
the vehicle, and is the product of Dirac deln functionals® in by for those cases where the pro-
Jectile can travel unimpeded 10 impact the critical component. In either case, the perforation
PDF is Dirac dela functionais in r, for projectiles impacting the critical component and is
identically zero over its ol range for projectiles which either fail 1o perforate the barrier or
impact the critical component The function Q(r,w;,b;) is any weli-behaved function whose
values on the impacted surface of a critical component: give the average incapacitation caused by
all penetrators whose "used® random variabies have the values (r,wy,by). In these integrals,
S(rpwp,bp) is assumed 0 vanish at large disunces from its maximum value so that an integra-
tion over all values of all variabies (idemified by placing the infinity symbol at the bottom of
the integral sign) will yield a finite expected vaiue A for the incapacitation

» The dimensionality of these integrals and the complexity of the geometrical and composi-
tional fearures of the target vehicies from which these integrals are derived could make their
evaluation by deterministic methods prohibitively expensive. An aiternate Monte Cario method
has been outlined by Reverly® which could greatly increase the efficiency of vulnerability calcu-
lations. The objective of this study is to analyze the Monte Carlo procedures used in Reference
S and 1o iliustrate their use by evaluating simple definite integrals.

In the next section, we will initially analyze the Monte Carlo evaluation of simple one-
dimensional integrals. We will then extend the procedures deveioped for the one-dimensional
case to multiple integrals. We will also analyze integrals having the form iliustrated in equation
1A. Then, in Section ITI, simple integrais will be constructed which have the form of the
inmegrals discussed in Section TI. These integrals will be solved using the outlined Monte Carlo
procedures and the results will be compared with the known closed form solutions.

1. THE EVALUATION OF DEFINTTE INTEGRALS RBY USING
THE MONTE CARLO METHOD

A. A Simple One-Dimensional Tntegral

A simple one-dimensional integral having the form
x—fH(x)G(x)dx. (2)
Xy

where H(x) and G (x) are well-behaved functions on the imerval from x; 10 x; , is generally
regarded as the area under the curve H(x)G(x) from x; to x;. However, the inwegral can be
viewed from a different perspective if the integrand is rearranged to obuain

A= HEIEE) o [ a0 r00, (A
N —t
where
c-fo(x)dx, (3B)
X

“C. Eisenhan. and M. Zelen, "Elements of Probability,” Handbook of Physics, E.U. Condon. and H. Odishaw, Editors,
McGraw-Hill Book Company, Inc., New York, 1958,

‘wpg, Beverly, "The Apnplication of the Monte Carlo Method to the Solution of the Intermal Poim Burst Vehicle Ballis-
tic Vualnerability Model," Ballistic Research Laboratory Technical Report in Prepamation.
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and

Sx)= G G"" (30
when

X, €x <x3, (3D)
and

S(x)=0, (3E)
when

x <x1, X »X3 (3H)

The integral can now be regarded as C times the expected value of H(x) where the probability
density of values for x is given by the PDF f(x) (Reference 4).

Viewing the integral from the second perspective and applying the strong law of large
numbers (Reference 4), the integral can be estimated as

A——ZC H(x)), 4a)

where the x; are a series of mutually independent values for x whose common PDF is f(x).
This mean value estimate is idemified by artaching a bar 1o A. A measure of the confidence
leve! of an estimate is taken to be its standard deviation 3X, that is®

1
zc’H‘(x,)—JIl 1
—- j=l
3 TO=D . (4B)
According 1o the cenmral limit theorem (Reference 4), this measure of confidence can be inter-

preted as predicting that approximately 68 percent of a large number of similar estimates of A
will fall within £8a of A.

A step-by-step outline of a Monte Carlo evaluation of A is given below and illusirated in
Figure 2.

1. Pick a value x; by sam ‘phm the PDF f(x). A variety of methods have been developed
for conducting such sampling™®. An efficient method for the case where f(x) is given in histo-
gramic form is to pick each x; by solving the integral equation’

ff(x)dx-mv(o.u,. (5

The quantities RN(0,1], are a set of independem random mumbers where each random number
is picked with equal probability on the range of O to 1. The reader should note that the

Sy Beers, “Introduciion to the Theory of Error,” Addison-Wesley Publishing Company. Inc., Reading, Mass., 1962,
"W, Guter, R. Nagel, R. Goldstein. P.S. Mitteiman, and M.H. Kaios, "A Geometric Description Technique for Com-
puter Analysis of Both the Nuxdesr and Conventional Vulnerability of Armored Military Vehicles,” Mathematical Appli-
cations Group, Inc. Report No. MAGI-6701, August 1967,

€ D. Cashwell, CJ. Everett, and O.W, Rechard, "A Practical Manual on the Monte Carlo Method for Random Walk
Problems,” Los Alamos Scientific Laboratory Repont No. LA-2120, December 1957,

%Y.A. Schreider, "The Monte Carlo Method,” Pergamon Press, Long Island City. New York, 1966.
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Next/
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Pick a Sample Value
x; by Sampling Fix).
Vi
Calculare g Score
A; as CHix; ).
W
Square A; .

J(

Accumulare A, and A;

Calculate A and 81

Yes

/s 8A too large?

¥ /ncrease J

Print Results

END

Figure 2. The Mome Carlo Estimation of a Simple One-Dimensioral Tntegral
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sampling as described by equation § generally requires that the PDP be normalized to unity. We
will assume that this method is used in the following outlines of Monte Carlo procedures.

2. Calculate the event score A as C H(x;).

3. Accumulate the score in a bin reserved for this operation.

4. Calculete the square of the preceding score.

S. Accumulare the squared score in another bin reserved for this operation
6. Reilerate steps 1-§ for a total of J evems.

7. Calculate X using equation 4A.

8 Calculate the standard deviation 8X using equation 4R.

9. Determine if the confidence level of A as determined by 8X is adequate. Conduct more
events and merge their results with those already abtained if 3\ is too large.

Step 9 completes an outline of a Monie Carlo evaluation of & one-dimensional integral.
The procedures outlined above will be extended in the following Subsection to the evaluation
of multiple integrals.

B. Muliiple Integral
A multiple integral of dimensionality I which has the form

A-_?"-}-"}H(x,,... Xy e Xp)®
4 4 4

G(x].---:-"n--.|x])al...“'..all (6A)

can be evaluated by reiterating the procedures outlined in Section ITA for evaluating one-
dimensional integrals. The integrations are essumed to be started at the innermost integral and
conducted toward the outermost integral where / is the running index over the variables. The
A, and B, define the boundaries of the integration region accordingly, that is

Ay =constant By =constant;
Ax=A5(xy), BZ—BZ(XI);
® . e .
® ® o e
® ° ° e
A, =4(x), ..., % ), - B=B/(xy,....,x_,).
° ™ 'Y °
° ® ™ .
'Y e ® ®
A]—A](X]; L] nxin LIS :x]—l). . B]-B’(X], “ e .XIn .. .x,_l). (63)

We will first rearrange the integrand in equation 6A  obtain

10




X-le.'.f..‘fH(xl“"'&""'x').
SO oo XXy A e ey, (7A)
where
B 8, B
Cl-_‘l"'f“‘fG(Xp-.--X,-.-.-.Xy)ﬂr"@ ...ah (7R)
Ay Ay A’
and

G(X],. Y RN ,X])
C

when the x; have values located within the region bounded by the 4, and B, , and
S X, xp)=0, (7D)

when the x; have values which lie outside the region bounded by the 4, and B,. Then, using
the same perspective as that used in Subsection ITA, the multiple imegral of equation 7B can be
interprered as the expected value of H(x,;, . .. ,x;, ... ,X;) where the variables x, have valucs
predicred by the jpint PDF f{x, ... .%,...,x). -

FAC T RS 3 L . (70)

However, in a Monte Cario estimation of A, & sample value (x,), for each x; during trial /
has to be picked individually and in its urn. The probability density of values for x; is the mar-
ginal PDF £,(x;) which is obmined by the integration

B .3 B
fl(xl)-f---f---ff(xl....,Jq.....x,)zbtz---dn~-dxy. (8A)
43 4 A

Now, similar to the procedure used in Section TTA, a sample value (x;), can be derived from
the integral equation
(xy)

f](X|)¢ﬁ'|-RN[0.”U. (SB)

A4
Continuing, a marginal PDF f,[(x,),,x] is then constructed for the variable x; as

Jal(x1);,x2] =
5, 8

B,
E‘_ ...f..-ff[(x,),.x;,...,x,.....x,]ctt,,...,m.....a,. (8C)
14, 4 A

where

3, 8 8
Cz_.f..-!-o-!f[(xl)J'xl,...,x’,,_,'x,laz'..x',.-.x'. (8D)
42 1 !

Similarly, a sample value (x,); is derived for the variable x; from the integral equation
(82)

fl[(xl )jvxll al_RN[Ovl]U' (SE)

Az
where 4; now has the consiant value
Aq= Ay[(x ),] (8F)

This procedure is continued until & sample vaiue has been picked for each wariable x;. A score
A; is then caiculated for the event as

11

PR et e . R LR EE T N




e — e - e————

Kj —C,HI(x,),. .o ,(X,)J. ‘e ,(X')/l. 9

The remaining procedure is identical o that already outlined in Subsection TTA for
evaluating one-dimensional integrals This procedure is outined below for multiple integrals
and illustrated in Figure 3.

1. Pick a set of sample values [(x;)], for the variables x,. These operations are performed
in the following steps:

A. Construct the marginal PDF f,(x,) by using equation 8A.

B Pick a sample value (x;), by sampling f,(x,) (equation 8R).

C. Construct the marginal PDPF f,(x;) by using equations 8C and 8D.

D. Pick a sample value (x;), by sampling f3(x;) (equation 8E).

E In a similar manner, pick a sample value (x ), for each remaining x; by using the
appropriate marginal PDF f,(x;). The reader should note that the marginal PDF in each case is
derived from a joint distribution of dimensionality decremenied by one from the preceding
sampling event

2. Calculate the event score A, as C HI(xy);, . . .. (x),, . ... ()l

3-9. Calculate X and 8X as described earlier in this section. These steps are idcntical 1o
those already described in Subsection TTA for a one-dimensional integral.

Step 9 completes the outline of 28 Mome Carlo evaluation of multiple integrals. The pro-

cedures outlined in Subsections TTA and TIB will be applied in the following subsection 0 evalu-
ate 2 multiple integral having the form of the vulnerability integral illusirated in equadon 1.

C. The Vulnerability Integral

The vulnerability integral of equation 1A can often be evaluated by more expeditious cal-
culations than those usually needed to evaluate multiple integrals of equivalent dimensionaliry.
The division of the integrand into & source term, a perforation PDF, and a critical component
incapacitation function, where the source term is a function only of penetrator birth variables,
will simplify the picking of sample siates for penetraiors. This gain in calculational efficiency is
even more promounced for the general vulnerability equation where the integrals similar to
those used in equation 1 are stacked to represent the different siages in & penetrator hisiory
(Reference 5).

We will analyze the Monte Carlo evaluation of the vulnerability integral by reformulating
equation 1A. In the new form,

A==
IIIS(I‘O,Wo,bo) ffff(n.wl ,\l] ] l'o,Wo,ho,ﬂ) Q(n.m,bl) dl‘] dW] db] dl'odWodbo,
= [ [ f 50, m0,b0) D(xouworbo) drodwodbo, (10A)
where
D(l’o.'o,bo)-ffff(h SW,by 1 I'o,'o,bo,l) Q(l] KA ) dndw, am,. (10B)

12
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(START

Next j r
Construct Marginal PDF
fh(x;) .

L

Prck Sample Valve
(x;); for x .

Hove
Sample Values Been
Picked for all
Variables ?

I Calculate Score
Aj and A%,

v

Accumu/ate A; and A;%

'; Isj=J2? No

Yes
Calculate X and SA.

s 84 too large?

Increase J/ -

Print Results.

END

Figure 3. The Monte Carlo Estimation of a Multi-Dimensional Tniegral
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If D(rg.we,bp) were a known function of the variables (ro,wo,bp), then A could be evaluated by
using the Monte Carlo method ® pick sample values from S(ro,wg,bo) as outlined in Subsec-
tion TTB. However, in vulnerability calculations, D{(ro,we,bo) is not generally so tractable and an
alternate method of solution must be used.

In a Monie Cario solution still based on the strong law of large numbers, the multiple
imegrals in equation 10A could be evaluated by picking sample birth projctiles
[(r);.(wp);,(bp),] from the source term S(ro,wp,bo) by using the procedures outlined in Sub-
section ITH, and then evaluating each integral D[(ry),,(wg),,(bg),] which is associated with a
sample birth projectile. The Mome Carlo evaluation of each D[(rg),.(wg),,(bg),] could also be
conducted by using the procedures outlined in Subsection ITR That is, a sufficient number K
of sample residual projeciiles is picked from each normalized perforation PDF
S0e,wy,b, 1(xg),,(wp);,(bg),.8, ], defined below, w obumin an accurate estimate D, of the asso-
ciated integral DI{xg);,(wo);,(bg);] where each estimaie is given by -

K

EJ ’(Pc)/ 2 Q[(n),.(w, )‘ .(bl)gl (11A)
k=1
The quantity A can then be approximated as the mean of a large number of 5/. that is
- J K
xz=-L$ (P) T 01n)s, (m)a. (b)), (11B)
JK 5 k=1

The normalized perforation PDF is given by

S, w1,y 1(50),,(wo), (Bo),,8) 1= frem.b ‘(?F)’jc,:’ S (11C)

where the normalization factor (Pc), is the probability that a projeciile birthed as
[(ro);,(wo);,(by);)] will perforate the barrier and impact the critical component, that is
PC[(rO)h(WO)j'(bO)ll-

(PC )j "'ff!f[l’],'],b] '(fo)l.(Wo)l.(‘lo)].',ldn d'l dh- (llD)

However, the approximation implied in equation 11B isn’t necessary and the absolute con-
vergence of A to A can be obiained by applying the Weak Law of Large Numbers for the case
where Tchebycheff's Theorem is applicable (Reference 4). In a Mone Carlo estimation based
on this law, A is estimated as

- J
X=1% (o), 01tn), tm) 00 a2
=
where only one sample set of values [(r}),,(w),,(b;);] is picked from each normalized perfora-
tion PDF ftr;,w,,by [(£5),,(wo),. (b)) As noted in Reference 4, the suiemem concerning
the convergence of the sample mean A to the universe mean A is weaker when only the weak
law of large numbers is applicable.

A siep-by-siep outline of & Monte Carlo estimate of the vulnerability integral (equation
1A) is outlined below and illustrated in Figure 4. Siacked vulnerability iniegrals such as those
found in vulnerability methodologies (Reference §) can be estimated by reiterating the follow-
ing procedure.

1. Pick a birth projectile by sampling §(rp,wo,by). This sample projectile is identified as

[(rg);,(wg),,(bg)s ). Since [rg,wo,bo) are each assumed 1o be composed of several variables, the
procedures outlined in Subsection ITR will have to be used.

14



Next j

1 !

Pick Value [('O)i .(wo)j .(bo),]

for Birth Fragment by Sampling
S( ro ’ wo ' bO)

Construct Perforation PDF
(1w, by | (r0); (W), (g, 9]
for the Sampie Birth Penetrator .

Does
Sample Penetrator
Perforate Barrier and
Impact Critical
Component

Pick ¢ Sample Penetrator at Impact
with Critical Component by Sampling

f[rl,wl.bll(ro)j »(Wg); 4 (bg); Oj] .
)

Caiculate x,- and sz No
Accumulate )j and sz

Yes

Calculate X and 8X.

Increase J.

No Y
| Print Results Is 8) too large?
Figure 4. The Monte Carlo Estimation of the Expected-Value-of-Kill Vulnerability Integral
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2. Determine the values g, for the variables associated with the barrier which is impacted
by the projectile.

3. Derive the perforation PDF flr,wi,byi(rg);,(wp),,(by);,8,] which predicts the
description (swies) of the residual projectile at impact with the critical component

4. Determine if a residual penetrator impacts the critical componemt by comparing a ran-
dom number RN(0,1); with P.{(r);,(wo),,(by);]. Set the event score 1 zero and go w step 8
if a residual penetrator does not impact the critical component.  This "Russian Roulette” played
with the residual fragmen: differs from the procedures implied by equation 12, but the two
methods will beth converge toward the true value of A.

S. Pick a residual penetrator at impact with the critical component by sampling the nor-
malized perforation PDF ft(r),wy,by 1 (ro),;,(wg),,(by),,8/]. This sample residual penetrator is
identified as [(rl)_’.('] )j,(b] )j ].

6. Calculare the incapacitation of the critical component expected from the impact. This
incapacitation score is identified as A; and is given by

hj -Q[(fl)j,('|)j.(h|)j]. (13R)
7. Accumulate A; and A} in bins reserved for these operations.
8. Conduct a otal of J similar events by reiterating Steps 1-7.
9. Calculate an estimare of A as

- J
;.-52‘,l A (130)
J-

10. Calculate an estimate of 3\ as
J
T A}-JA?

=1

JU-1)

1
]

A= (13D)

11. Assess 8\ 1© determine if it is too large. If necessary, calculate more histories and
merge their results with those already calculated in order to reduce 8A.

Step 11 completes the outline of a Monte Carlo evaluation of a multiple integral having
the form illustrated by the vulnerability integral used in equation 1A. The procedures outined

above will be applied in the next section o evaluate a definite integral constructed by using
simple analytic functions.

m. SAMPLE PROBLEMS

A. A Monre Carlo Solution Which Uses 3 General Mulsivariase PDF

We have devised a sampie two-dimensional integrai which can be used m illustrate the
procedures outined in both Sections ITB and ITC. In the selected definite integral,

2.2
r=f [ X2y dx dy =225/16 =14.0625, (14A)
11
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the procedures of Subsection ITB are illustrated by first rearranging the integrand 1o the form
A-%}}(x‘y’)(%z)ady (14B)
11

Equation 14B can then be further changed 1o the form used by equation 7A, that is

r=C, [ [ HG&») f(xp)dx dy, (15A)
by taking:

C|-%, (ISB)

H(x,y)=xy?, (15C)
and

f(xa)-‘—;x. (15D)
when

(1, g (x,y) <(2,2), (15E)
and

S (x,y)=0, (15F)
when

) <(,1), Gp)»(2,2). (15G)

The constam C, =9/4 is introduced © normalize /(x.y) 10 unity over the integration range of
the integral, that is,

“w o 2
fff(x.y)ady-_lf_?i;lady—l. (16)

A Monte Carlo estimate of A can now be calculated by picking ssmple wvalues of (x,y) from
S (x.y) and then calculating the associated scores using H{x,y). The calculational procedure is
given below and is illustrated in Figure §.

1. Pick a set of values (x,,y,) by sampling / (x,y) over the imegration range of the prob-
lem. This procedure is accomplished in the following steps:

A. Construct the marginal PDF f(x) as
2
£i0)= 22 gym 2%, (17A)
1

Ay

where f(x) is taken to be zero when x lies outside the integration range (1,2).
B. Pick a sample value x; by solving the integral equation

f Z e = RN O,y (17R)
1

C. Construct a margina! PDF /,(x,.y) for y as

S z(x,.r)-f—(%.’;—yl. (17C)

17
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Construct The Marginal POF
fi{x) from f(x,y)

K1
Pick @ Sample Vaiue
x; from f;(x).

?

Construct The Marginal PDF
fa (x;,y)

K]

Pick o Sample Value
y from fa(xj,y)
K]

Caiculate The Event Score

Aj as -3 xi%y;2

K}

Calculate 2.
Accumulate Aj and \j".

Coliculate X ond 3.

Yes No

Is 3\ too large? Jas

No
Print Results

.

Figure 5. The Monte Carlo Estimation of the Example Problem
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where

D. Pick a sample value y, for y by solving the integral equation
:‘.f;(x,.y) dy = RN(0,1),,.
The quantity (C3); can be easily shown w be
=2

so that equation 17E simplifies ©
B/
I 2 gy =RNQ)y.
1

2. Calculate the score A; for the sample event as

9xly?
e 2/

3. Calculate A}, Accumulate A, and A} in the bins reserved for this operation.

4. Caiculare a ol of J similar sample events by reiterating steps 1-3.

S. Anestimate A of A is calculated as

6. An estimaie of the standard deviation 8X of A is calculamsd as
J 1
A= T

=

J(J-1)

(17D)

(17E)

17p)

a11G)

(17H)

(17m)

a7

7. Assess 8\ w0 determine if it is 100 large. If necessary, calculaze more hiswries and

merge their results with those already caiculated in order m reduce 3A.

Step 7 completes an outline of the calculation of an estimams of A by using the Monte
Carlo procedures given in Section ITB. A computer program MCTP1 for performing this calcu-
lation was written in BASIC and is given in the appendix at the end of this report. The results

of calcuiations using MCTP1 are given in TARLE 1 at the end of this section

The procedures of Subsection TTC are iliustrated by first rearranging the imegrand of the

exampie integral (equation 14A) to the form
A-j'j.(x’)(xy‘)(y)dya
11
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where the iniegration is assumed to proceed from the inner integral 1o the outer iniegral. Equa-
tion 18A can be compared with equation 1A as

A=

j:'j:'s(x)f(y lx)Q(y)dya-j'j's'(x)f'(ylx)W x)Q(y)dydx (18B)
by t2king

S(x)=x?, (19A)

Q(y)=y, (19B)
and

s ix)=x" (19C)

The quantity W (x), identified here as a weighting function, is introduced 10 compensate for
the normalization of the preceding source term and PDF 1o unity.

We define a normalized source ierm S'(x) as

5100~ 25x) (19D)
where
38(x) ¢ 3
S22 s [t ax= [ 3 a1 (19E)
1 1 1
Applying the Theorem of Rayes'®, a normalized PDF f*(y Ix) is associated with xy? by
o= 7xﬁ3gzlx), (19F)
or
Spix)= éaﬁ ' (19G)
Equation 18A can now be rewritien as
212
= (1 st LG 1x)
A ! lf 3 5'00) FLE 06 dy i, (204)
and rearranged o
22 7 1
x=ff$'(x)f’(y Ix)[—s-'Tx]Q(v)dya. (20R)
17
The weighting function is given by
w=1.2% (20C)

where % corresponds 1o the quantity P used earlier in outlining & solution of the vulnerabil-
ity integral (Subsection TIC).

10, Kim, "Sustistical Analysis for Induction and Decision,” The Dryden Press, Inc., Hinsdale, Minois, 1973,
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Next
\

Pick a Value X, by
Sampling Sfx) .

Y

C‘onsfrugf The Conditional
POF f(y[x;) for y .

Y
Pick o Value y; by

Sampling f(y[/x; /.
v

Calculote The Event
Score A;j os Wiy, .

A

Calculate Af.
Accumulate A; and A /2 .

No

Yes

Calculate A and SA.

Yes

/s 84 too large?

Print Results.

END

3L/n creagse J.

Figure 6. The Monte Carlo Estimation of the Example Problem where the Iniegrand Is Struc-

wred in a Form Similar 1o That of the Vulnerability Integral
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Equation 20B is in a form which is tractable to Monte Cario evaluation. A general solution
is given below and outlined in Figure 6. The steps are:

1. Pick a sample value x, for x by sampling S*(x). The sampie value is derived from the
integral equation

I

The quamity [%] in equation 20A is saved and used later as a factor during the calculation of

the event score.

2. Construct a conditional PDFf'(ylx, to be used 1 pick a sample value y, for y. The
conditional PDF used here (equation 19G) is imbpemiem of x;, but this independence may not
exist for cases where functions other than xy? are used in the construction

3. Pick a sample value y, by sampling f*(y Ix,). This sample value is derived from the
integral equation

R/) v,
Jroix)dy= f —3*7idy-[RN(0,l)]u. (21R)
1 1

The quantity [—735] in equation 20A is saved and used later as a factor during the calculation of
the event score.

4. Calculate the score for the event as

A; -[ l[7xl ]Q(y,)--‘glx,y,. (21C0)

5. Calculate A}. Accumulate A, and A? in the bins reserved for this operation.
6. Anestimate X of A is calculated as

N %zx,. (21D)

7. An estimate 8 of the standard deviation of X is calculated as

J
[$a7-sm|s
6;— [J-I __
JT-1

(21E)

8. Assess 37 to determine if it is 0o large. If necessary, conduct more histories by
reiterating Steps 1-S and merge these results with those obtained earlier.

Step 8 completes the outline of the Monte Carlo evaluation of the example problem by
using the srocedures which would be used 0 evaluate a vulnerability integral of the form
shown in equation 1. The results of test calculations of this example problem are given below
in Subsection TTC,
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C. Example Problem Resulls

A computer program was written in BASIC (APPENDIX) 1o solve the sample iniegral by
using both Monte Carlo procedures described in the preceding sections. The results of 1est cal-
culations where SO00 histories were conducted for each estimaie are given below in Table 1.
The reader should note that siandard deviations of magnitude ten times that of the sample cal-
culations could be obiained by using approximaiely fifty histories Confidence levels of this
order of magnitude would usually be acceptable in vulnerability calculations.

1V. CONCLUSION

We have outlined the use of the Monte Carlo method for solving expected value iniegrals
of the type encountered in ballistic vulnerabiliry calculations As an aid 1o the comprehension of
these methods, the outlined procedures (Subsection ITB and NIC) were applied to a sample
problem for which a closed form solution existed and could be readily calculated. The
insignificamt differences between the computer-generated Monte Carlo solutions and the exact
solution (Table 1) serve 10 indicate the viability of the Monte Carlo techniques.

The reasons for using the Monte Carlo method in preference 1o deierministic methods 10
solve vulnerability problems can be summarized as:

1. Regardless of the dimensionality of the integration, 4 Monte Carlo estimate of multiple
integrals converges toward the rrue value as N/ where N is the number of trials used in calcu-

lating the estimate. Therefore, the Monte Carlo method may be the most efficient procedure
for solving expecied-value problems when the dimensionality of the associaied multiple
integrals is large and confidence levels for the estimate on the order of five percent are accepi-
able.

2. The probability of iniroducing systematic errors such as those which might be intro-
duced in deterministic calculaiions using a computerized phaniom of the 1arget vehicle is
greatly reduced.

3. Calcularional simplicity can ofien be obtained by the division of the iniegrand imo one
part used in cajculaiing scores and another par; used 1o derive the sampling PDF’s. In particu-
lar, the PDF’s used in describing the ballistic phenomena are often directly derivable in terms
of the “used” random variables B and G.

4. The calculations can bz organized so that the sample evenis correspond in a one-:0-
one manner with acrual ballistic events. This organization would aid vulnerability analysts in
conduciing calculations and interprering results.

S. In many vulnerability problems, sample events can be obiained more easily than the
associated PDF. Such problems must generally be solved by using the Monie Carlo method.

23
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METHOD OF RUN STANDARD
SOLUTION NO. ESTIMATE DEV/IAT/ION
b4 14.058 0.048
VULNERABILITY
INTEGRAL 2 l14.158 0.048
J 14.043 0.048
Y4 14.153 0.102
MULTI-VARIATE
SAMPLING 2 14.082 0.101
J 14.044 0.100
CLOSED FORM 14.0625

Table 1. The Monte Cario Estimates of the Example-Problem Integral
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APPENDIX. THE COMPUTER PROGRAM USED TO SOLVE THE EXAMPLE

PRORLEMS
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END
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F=Fl ET1MS254
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